Recently, a new method, based on stochastic integration on the surfaces of steepest descent of the action, was introduced to tackle the sign problem in quantum field theories. We show how this method can be used in many body theories to perform fully non-perturbative calculations of quantum corrections about mean field solutions. We discuss an explicit algorithm for implementing our method, and present results for the repulsive Hubbard model away from half-filling at intermediate temperatures. Our results are consistent with those from the recent state of the art cluster dynamical mean field theory calculations.
I. INTRODUCTION
In numerous physical systems, quantities of interest can be written as integrals over high dimensional distributions. When these distributions are positive semidefinite, then the most efficient and accurate method to evaluate them is via stochastic (Monte Carlo) sampling. However, this is often not the case, leading to the infamous sign problem. The sign problem severely limits the usefulness and applicability of Monte Carlo methods in many important systems. It is, without a doubt, one of the most important outstanding problems in computational science.
In previous publications we have shown how the same ideas used in constructing asymptotic approximations of oscillatory integrals can prove useful in non-perturbative Monte Carlo calculations in the presence of a sign problem [1] [2] [3] [4] [5] . The basic proposal is to change the domain of integration to the hypersurface generated by the paths of steepest descent of the action ending at one of the saddle points. On this hypersurface, the so called Lefschetz thimble, the sign problem is either absent or significantly softer. We showed that for quantum field theories with a unique continuum limit this procedure should yield results which are identical to those in the original formulation.
In this paper we discuss how the method can be extended for fermionic many body theories, which do not necessarily have a unique continuum limit. We show that, within the functional integral formulation, an integration on the said Lefschetz thimble(s) is a way to include all quantum corrections about one or more mean field solution(s) in a fully non-perturbative manner.
We then apply this method to the two dimensional Hubbard model 6 . The Hubbard model is the quintessential model of electronic correlations 7 . It has been hypothesized to contain the essential physics of high temperature superconductivity (high T c ) 8 . More recently the Mott insulator phase of this model was realized experimentally in optical lattices with cold atoms 9 and efforts are underway to realize other parameter regimes as well with these analog simulators 10 . The small doping regime of this model, believed to be relevant for high T c , is least well understood theoretically because of the presence of the sign problem [11] [12] [13] . In the next section we briefly discuss the functional integral formulation via Hubbard-Stratonovich transformations. In section III we lay out our basic proposal and in section IV we provide a detailed Monte Carlo algorithm implementing this proposal. Subsequently, in section V we present our results for the repulsive Hubbard model away from half filling and conclude in section VI.
II. FUNCTIONAL INTEGRAL FORMULATION FOR MANY BODY THEORIES
The Hamiltonian for a general many body system with up to two body interactions is given by,
where a † i (a i ) creates (annihilates) a fermion in state i. The thermal expectation value of an observable X at temperature T (= 1/β) is calculated as
With the help of the Suzuki-Trotter decomposition, the density operator can be written as
up to a discretization error that vanishes as ∆β → 0. An arbitrary two body interaction operator V can be written as
where the operators O α are linear combinations of the bilinears in the creation and annihilation operators, 
where O is a generic operator. By doing so the interacting many body problem is converted to a problem of non-interacting fermions with background auxiliary fields. The price to be paid is that one now needs to integrate over all allowed values of the auxilary fields φ.
The fermionic degrees of freedom can be integrated out (traced over) exactly resulting in the following expression for the expectation value of an observable
where the action S is
and ν is the time slice index. The determinant of the matrix M is obtained after integrating out the fermionic degrees of freedom. The bilinear forms O α are not unique; there is considerable freedom in choosing them. However, barring some special cases, an HST decoupling cannot be found such that S[φ] is real, i.e., the weight e −S[φ] is positive semi-definite, for all φ. This is the source of the sign problem.
In the presence of the sign problem, e −S[φ] cannot be treated as a probability density, and hence Monte Carlo sampling cannot be used to evaluate ratio of the integrals in Eq. (8) . In principle, it is possible to interpret e − S [φ] as the probability density and include e −i S [φ] into the calculation of the observables. This reweighting method is sometimes successful when the sign problem is not particularly severe (high temperature, small systems). But with increasing system size or decreasing temperature, the right hand side in Eq. (8) is reduced to a ratio exponentially small quantities with large variances, thus rendering these simulations unfeasible.
III. QUANTUM CORRECTIONS VIA INTEGRATION ON THE PATHS OF STEEPEST DESCENT
The smallness of the average sign e −i S is a result of delicate cancellations between the contributions from the different regions of the phase space. On the other hand, analytic and semi-analytic calculations based on the functional integral formulation are usually based on the assumption that in order to recover the relevant physics it is sufficient to consider the contribution from the configurations near a single dominant saddle point of the action (mean field solution).
In these methods one (at least formally) goes through the following steps. (i) The dominant mean field solution (saddle point) of the action are found; this saddle point may or may not lie in the original domain of integration (R n ).
(ii) The domain of integration is shifted to pass through the saddle point and lie along the directions of statonary phase/steepest descent of the action. (iii) At the lowest order the integrals are simply replaced by their values at the saddle point. (iv) Small quantum fluctuations are then included by expanding the action up to quadratic order at the saddle point and integrating along the directions of steepest descent for this approximate quadratic action.
It is natural to conjecture, then, that full quantum corrections about a mean field solution can be accounted for by replacing step (iv) above by an integration along the directions of steepest descent of the full action. Next, we provide further motivation for this conjecture, its implication for the sign problem and provide a concrete procedure, based on stochastic sampling, for calculating the quantum corrections, so defined.
Assume, for the time being, that the action S[φ] is analytic for all φ ∈ C n , that the integrals in Eq. (8) are convergent, and that all its saddle points are non-degenerate. In that case, one of the main results of Morse theory states that the integrals in Eq. (8) can be reproduced exactly by replacing the integration over the real domain R n by integrations over curved complex n-dimensional manifolds, J n σ , called the Lefschetz thimbles 15 ,
This result is basically the generalization of the contour shift method for one variable integrals. The Lefschetz thimbles are the many variable analogues of the paths of steepest descent. In fact, each Lefschetz thimble J n σ is attached to a saddle point φ
and is the union of all paths of steepest descent which asymptotically end at the saddle point at τ → ∞; the paths of steepest descent are given by the solutions of the equations
where the overline represents complex conjugation.
(Please note that the parameter τ is in no way connected with the imaginary time.) The integers n σ are the intersection numbers between the hypersurface generated by the paths of steepest ascent and the original domain of integration, in this case R n .
The Lefschetz thimbles are extremely attractive from the perspective of stochastic sampling because of two important properties (both of which can be easily verified from Eq. (12)) (i) the imaginary part of the action, S[φ], is a constant on a thimble, i.e., there is no sign problem due to the action on a thimble and (ii) the weight, e − S[φ] , on a thimble is maximally localized near the saddle point, i.e. stochastic sampling is maximally effective on the thimble.
The presence of spontaneous breaking of continuous symmetries can lead to degenerate saddle points (det ∂ 2 φ S = 0). This degeneracy can be lifted by introducing an explicit symmetry breaking term, χ † (φ)χ(φ), where χ(φ) is the eigenvector of ∂ 2 φ S with a zero eigenvalue.
Multiple calculations should be performed with successively smaller values of , and the limit → 0 should be taken numerically. One of the directions of steepest descent at finite becomes, in the limit of vanishing , the Goldstone mode of the broken symmetry. In what follows, we assume that procedure has been followed and the remaining saddle points are all non-degenerate.
The presence of the logarithm of the fermionic determinant renders the action singular at a set of points where det M [φ] = 0. This is a set of measure zero. But, now the steepest descent paths can flow to these points, instead of going all the way out to infinity. Note that, the branch cut in the logarithm does not introduce any additional complications because S is well defined on the thimble.
In general, the action can have a large number of saddle points in C n . It is not possible to find each of these saddle points and their intersection numbers, much less to perform Monte Carlo integration on each one of them. However, as we discuss below, this may not be necessary in many interesting cases.
For theories with a well defined and unique continuum limit (e.g., lattice QCD, statistical systems in the vicinity of a critical point, dilute atomic gases at unitarity), the universal properties of the model are expected to be a unique outcome of (i) the symmetries, (ii) the degrees of freedom and (iii) the locality of the interactions. This is the statement of universality; it is not a theorem but is a necessary assumption that needs to be made in order to construct discretized versions of continuum theories.
In Refs. 1 and 2, it was argued that if the properties (i)-(iii) are preserved on a single thimble, then the functional integral on that single thimble is a valid regularization of the original continuum theory and, on the basis of universality we should expect the universal properties obtained from this alternate regularization to be identical to those of the original formulation. Thus for these theories it is clear which thimble should be chosen: the one where the properties (i)-(iii) are preserved.
This argument based on universality is clearly not sufficient for models which do not have a unique continuum limit; they essentially include all models for many body systems away from criticality. In this paper we will be concerned with these models.
Let us make the following definitions
(13)
Then Eq. (8) is replaced by,
where P is a set of phases, and G p is the set of all thimbles belonging to the phase p. If p is a symmetry unbroken phase, then it will have a unique mean field solution and G p will have a single member. In the case of a phase with a broken discrete symmetry, G p will contain all the thimbles connected by the generator of the symmetry which is broken in p. In the above equation we have used the fact that the intersection numbers for thimbles belonging to the same phase are all equal. Now, we make the following assumptions.
(i) The total number of 'contributing' thimbles grow sub-exponentially with the number of degrees of freedom (dof). This can happen either if the total number of saddle points grow sub-exponentially with the number dofs, or if the total number of saddle points grow exponentially with the number of dofs but the contributions from most of them cancel leaving only a sub-exponential number of them contributing to the final integral.
Although this assumption is physically motivated, we cannot prove it from the consideration of the standard functional integral. In principle, it may be possible to construct actions where an exponentially large number of sub-dominant thimbles can overwhelm the contribution from the dominant thimble. We expect this not to be the case in the generic situations we are interested in.
(ii) We either know the dominant phase (the one with the largest Z σ ) or we can narrow it down to a small number of candidates. Note that, in order to identify the dominant phase it is not sufficient to compare the values of S[φ 0 σ ]; we also need to include quantum corrections to make this comparision, and the quantum corrections can be calculated only by performing the integration on the thimble.
In most interesting models of strongly correlated systems, the dominant saddle point is not known a priori. However, in many cases it is possible to identify multiple candidates by solving the mean field equations with certain imposed symmetries based on general considerations.
(iii) The thimble(s) belonging to the dominant phase (or potential candidates) are attached to 'physical' mean field solutions, i.e., that the corresponding mean field free energy is real. The mean field free energy is given by (15) is the exponential of an extensive quantity (the free energy on the thimble). Once we assume (i), it is easy to see that in the thermodynamic limit only the Z σ belonging to the dominant phase will contribute, the thimbles belonging to the other phases give vanishing contributions. The outer sum (over p) is replaced by a single element, which implies that n p in the numerator cancels with that in the denominator; X does not depend on the n p (by definition, n p = 0 in the dominant phase). It is sufficient to set |n p | = 1 for all the phases.
We will restrict the outer sums over p in Eq. (15) to the candidates for the the dominant phase. It follows from assumption (iii), this sum will not have any sign problem due to the action.
The Lefschetz thimble is a curved manifold in complex field variables. Configurations on the thimble can be sampled by first defining a map between the field variables on the thimble and R n . This map can either be local 1 or global 3 . Stochastic sampling is then performed on the mapped real variables.
The Jacobian of the transformation between the mapped real variables and the field variables, e R[φ] , should be included as a reweighting factor in the calculation of the observables. One might suspect that the residual phase, R, 16 might cause a sign problem. However, there are very good reasons to believe that this is, in fact, not the case.
In asymptotic expansions of the thimble around the saddle point e i R = 1. The residual phase, R, can deviate substantially from zero only for configurations far away from the saddle point. Given, the nature of the thimble these configurations are maximally suppressed.
The orientation of the thimble smoothly interpolates between the directions of steepest descent at the saddle point (determined by the quadratic part of the action) and the asymptotic directions of convergence; the residual phase can never oscillate unpredictibly, it can only change smoothly. In short, the thimble achieves a tight correlation between the weight and the phase, which is precisely what is missing from the usual formulation leading to the sign problem.
Quantitative support for the above qualitative arguments is provided by the explicit calculation of the residual phase for a non-trivial model with a severe sign problem 17 . There e i R was found to be systematically larger than 0.99 for all parameter values studied.
In a phase with broken symmetry, it is sufficient to sample field configurations on a single thimble. Configurations on all other thimbles in the same phase can be generated by applying the generator of the said symmetry. Putting together the considerations above we are led to the following expression for the X in our formulation
where, J n p is the thimble attached to one arbitrary saddle point φ 0 p in the phase p, Dη is the real measure on the thimble, N p is the number of saddle points in the phase p and X [φ] p is the average of the observable X [φ] over all the field configurations that are connected to φ by the generator of the discrete symmetry broken in phase p.
IV. THE MONTE CARLO ALGORITHM
We propose the following Lefschetz thimble Monte Carlo algorithm for many body theories.
1. Given a model for a many body system defined by a Hamiltonian as in Eq. (1), construct the corresponding functional integral formulation with the help of a continuous HST. There is considerable freedom in choosing the HST and our method should be applicable to any of them. However, it is reasonable to expect that the 'best' HST is determined by a compromise between calculational convenience and how much of the symmetries of the original fermionic Hamiltonian can be retained in the final action which defines the functional integral.
2. Identify the dominant phase(s), and the associated saddle point(s) for the given parameter regime.
The dominant saddle point(s) need not lie in the original domain of integration. In case of degenerate saddle points due to a broken continuous symmetry, lift the degeneracy with an explicit symmetry breaking term.
In cases, where the dominant phase is well known, our formulation can be used to obtain very precise results by including all quantum corrections. In other cases, this formulation provides a well defined setup for studying competing phases. 
If a single phase is considered then it is sufficient
to generate configurations on a single thimble. In order to do this any of the algorithms described in Refs. 1 and 3 can be used.
If multiple phases are considered, then we need to incorporate a mechanism to jump between thimbles belonging to different phases. In order to do this we will use a combination of Gibbs sampling and the algorithm described in Ref. 3 .
In this case, the variables η in the measure are the coordinates on the 'Gaussian' thimble corresponding to the quadratic approximation of the action at the saddle point. Equivalently, they denote a direction and a length for integrating the Eq. (12). The phase and the fields are uniquely determined by the set (p, η).
Start the sampling from any phase p. New configurations can be sampled by repeating the following two steps
• Given the phase p (which also fixes the thimble), sample φ from e −S[φ] using the algorithm described in Ref. 3 . This fixes η. Calculate the fields φ p on all the thimbles given η.
• Given the φ p sample p from N p e −S[φp] .
5. For each decorrelated configuration calculate the residual phase R and the observables X [φ] p . In broken symmetry phases, the latter can be calculated by generating configurations on all the thimbles belonging to the phase with the help of the symmetry operation.
6. Finally, calculate the expectation values of the observables by reweighting with e R .
V. RESULTS FOR THE HUBBARD MODEL AWAY FROM HALF FILLING
In this section we will present our results for the Hubbard model. The Hubbard Hamiltonian is
where c † iσ (c iσ ) creates (destroys) a fermion of spin σ at the lattice site i, n iσ = c † iσ c iσ and ij denotes nearest neighbor sites. Also, t, U and µ σ are, respectively, the hopping parameter, the on site interaction strength and the chemical potential for the σ spins. The interaction term can be written in the following manner
where ∆ i = c i↑ c i↓ . The interaction can now be decoupled by introducing auxiliary fields via HSTs for each squared term in the above equation. The θ i , θ i and ξ i can be arbitrary, illustrating the ambiguity in the HSTsas noted earlier. In fact, this is not even the most general decomposition of the interaction into a sum of squares of fermion bilinears and one body terms. No matter which decoupling HST is used, there is a sign problem for all parameter values except for certain special cases: the repulsive case at half-filling (U > 0, µ σ = 0) and the attractive case with spin balance (U < 0, µ ↑ = µ↓) 19 . Here, we study the repulsive Hubbard model (U > 0) away from half filling (µ < 0).
We use ξ i = 1 and θ i = π/2 in Eq. (20) . Thus the auxiliary fields will couple to the on site magnetization n i↑ − n i↓ . In this case, for φ ∈ R n , det M [φ] is real; but it can be positive or negative. This means that S[φ] can only take discrete values [0, π].
We present results for the intermediate coupling (U/t = 4) and the strong coupling (U/t = 8) regime. For each set of parameters we consider a single phase associated with uniform time independent real mean field solutions. The results presented here are limited to temperatures T > 0.4t. Below these temperatures the dominant mean fields are most likely non-uniform.
For a real saddle point ∂ 2 φ S is a real matrix, and the directions of steepest descent are along R n . Also, Eq. (12) preserves the reality of the φ fields. Therefore, the Lefschetz thimble is a subsector of the original domain of integration: it is the region around the saddle point bounded by det
The action is invariant under the transformation, φ → −φ. This symmetry is broken in the mean field theory, leading to two saddle points related by the symmetry. We sample only on one of the thimbles and generate configurations on the other as discussed in the previous section.
Since the thimble is simply a subsector of R n , the sampling methods discussed in (4) of the previous section are not necessary. Instead, we use hybrid Monte Carlo with a leap-frog integrator for sampling 20 . The step-size is kept small enough to prevent the trajectories from crossing the zeros of det M [φ]. The residual phase is identically zero, i.e., there is no sign problem.
The non-ergodicity of hybrid Monte Carlo due to the inability to cross the zeros of det M [φ] is usually considered to be an undesireable feature (Note that this can happen even if there is no sign problem, i.e., when det M [φ] is positive semi-definite but not positive definite) 21, 22 . This conclusion would be absolutely correct if one wanted to explore the whole phase space. However, we want to stay in a single (special) subsector of the phase space. And it is precisely this non-ergodicity of the method that we exploit to achieve that.
In Fig. (1) we show the double occupancy as a function of the number density for different temperatures and interaction strengths. Double occupancy has been proposed as an experimentally accessible probe for signatures of antiferromagnetism 23 . It has also been suggested that this observable can be used for thermometry in optical lattices in the high temperature regime (T /t > 1) 24 . The double occupancy is an extremely local observable and it reaches its thermodynamic limit very quickly as a function of the lattice size. Our results shown in Fig. (1) are for an 8 2 lattice, but we have checked in some selected cases that the results for 10 2 and 12 2 lattices are within ∼ 1%.
At half-filling, n = 1, our results are in perfect agreement with the latest DQMC results 24, 25 . In Fig. (1) we compare our results for different fillings with the recent DCA DMFT calculations 18, 26 , which is expected to be accurate at these temperatures. There is excellent agreement between results obtained from these two methods.
In Fig. 2 we show double occupancy as a function of temperature for µ = −1. We see a slight enhancement of the double occupancy below T /t < 1. It was proposed in Ref. 27 that this effect, which is much more pronounced in dynamical mean field theory, can be exploited to achieve interaction induced cooling for cold fermions in an optical lattice.
We also show in Fig. 2 the effective hopping parameter defined as the ratio of the kinetic energy for the interacting system and that for the non interacting one, t eff /t = K U / K 0 . The enhancement of the double occupancy results in an increase of the potential energy at low temperature. This is offset by a decrease in the kinetic energy (note that the the kinetic energy in negative), resulting in a smooth decrease of the total energy with decreasing temperature, as shown in the bottom panels in Fig. 2 .
VI. CONCLUSION
A general solution to the sign problem in the conventional sense would require an exact mapping of high dimensional oscillatory integrals to a problem which can be solved in polynomial time on a classical computer. This appears to be an NP (nondeterministic polynomial time) hard problem 28 . However, this does not preclude the possibility of a reformulation which may not reproduce exact functional integral, but neverthess preserves the correct physics, at least for a large subset of physical systems.
In previous papers we have shown how ideas used in constructing asymptotic expansions can be generalized to construct an alternate regularization of the path integral, which can then be used performing efficient Monte Carlo simulations for systems with a sign problem. The notion of universality of the continuum limit was used as a primary mode of justification for this reformulation of quantum field theories.
Here, we take these ideas a step further. We showed that even for many body systems with no unique continuum limit, the same ideas can be used to calculate full quantum corrections. We argued that this represents a natural non-perturbative generalization of the ideas used in constructing mean field theories and its various extensions.
We provided a detailed algorithm that can be used to implement these ideas numerically. As a preliminary application we studied the Hubbard model away from half filling at moderate temperatures. Our results are in excellent agreement with the latest state of the art calculations from cluster dynamical mean field theory.
We believe that our method is the ideal platform for combining the physical insight gained from mean field theory and the power of quantum Monte Carlo. It will be especially interesting and challenging to apply it to strongly correlated systems at low temperatures where the dominant phase of the system is not known.
